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Alexander polynomial, finite type invariants 
and volume of hyperbolic knots 

Efstratia Kalfagianni 

Abstract We show that given n > 0, there exists a hyperbolic knot K 
with trivial Alexander polynomial, trivial finite type invariants of order 
< n , and such that the volume of the complement of K is larger than n . 
This contrasts with the known statement that the volume of the comple- 
ment of a hyperbolic alternating knot is bounded above by a linear function 
of the coefficients of the Alexander polynomial of the knot. As a corollary 
to our main result we obtain that, for every m > 0, there exists a sequence 
of hyperbolic knots with trivial finite type invariants of order < m but ar- 
bitrarily large volume. We discuss how our results fit within the framework 
of relations between the finite type invariants and the volume of hyperbolic 
knots, predicted by Kashaev's hyperbolic volume conjecture. 
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1 Introduction 

Let c(K) denote the crossing number and let Ajf(t) := Yli=o denote the 
Alexander polynomial of a knot K . If K is hyperbolic, let vol(S* 3 \ K) denote 
the volume of its complement. The determinant of K is the quantity det(K) := 
|A^(— 1)| ■ Thus, in general, we have 

k 

det(K)<\\A K (t)\\:=J2h\- (1) 

i=0 

It is well know that the degree of the Alexander polynomial of an alternating 
knot equals twice the genus of the knot. On the other hand one can easily 
construct knots with arbitrarily large genus and trivial Alexander polynomial 
by taking connected sums of untwisted Whitehead doubles. In this note, we 
construct hyperbolic knots of arbitrarily large genus and volume that have triv- 
ial Alexander polynomial. To put our results into the appropriate context, let 
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us first recall what is known about the relation between volume and Alexander 
polynomial of alternating knots. In general, it is known (see [S] and refer- 
ences therein) that there exists a universal constant C > such that if K is a 
hyperbolic knot with crossing number c(K) , then 

vol{S 3 \K) < Cc(K). (2) 

If in addition K is alternating then one also has ( 

c(K) < det{K) and det(K) = ||Ajc(t)||. (3) 

By a result of Menasco |13j . prime, alternating knots are either torus knots or 
hyperbolic. Combining this with (l)-(3), we derive that there is a universal 
constant C > such that we have 

vol(5 3 \ K) < Cdet(K) and vol(5 3 \ K) < C\\A K {t)\\, (4) 

for every prime, alternating non-torus knot K . (In fact, in A. Stoimenow 
showed that the quantity det(i^) in (4) can be replaced by log(det(K)) .) Thus, 
the Alexander polynomial of prime alternating knots, dominates two of the 
most important geometric knot invariants; namely the volume and the genus. 
In contrast to that, the main result in this paper implies the following. 

Corollary 1.1 Given n £ N, there exists a hyperbolic knot K with trivial 
Alexander polynomial for which we have vol(5 3 \ K) > n and genus(X) > ^. 

The development of quantum topology led to many new knot invariants that 
generalized the Alexander polynomial. These are the Jones type polynomial 
invariants (quantum invariants) and their perturbative counterparts known as 
finite type invariants (or Vassiliev invariants). An open conjecture relating 
these invariants to the geometry of the knot complement is the hyperbolic 
volume conjecture of R. Kashaev [T2|. Kashaev's conjecture, as rephrased after 
the work of H. Murakami and J. Murakami ^1], asserts that the volume of 
the complement of a hyperbolic knot K is equal to a certain limit of values 
of the colored Jones polynomials of K. A convenient way to organize these 
polynomials is via the so-called colored Jones function. This is a 2-variable 
formal power series 

J K (h,d)= ^2 aijh l d j €Q[h,d\, 

i>0,j<i 

such that Vassiliev invariant of order i for K . By the Melvin-Morton- 

Rozansky conjecture, the first proof of which was given in the diagonal 
subseries Dxih) '■= 'Yl li auh % is essentially equivalent to the Alexander poly- 
nomial of K. The volume conjecture implies that the colored Jones function 
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of a hyperbolic knot K determines the volume of the complement of K . In 
particular, it implies that if there exist two hyperbolic knots that have all of 
their finite type invariants the same then their complements should have equal 
volumes. In this setting, Corollary 11.11 savs that the part Dx{h) of J^(/i,(i) 
is far from controlling the volume of hyperbolic knots. The following theorem, 
which is the main result of the paper, provides a stronger assertion. It implies 
that there can be no universal value n G N such that, for every hyperbolic knot 
K , the finite type invariants of orders < n together with Dx{h) determine the 
volume of the complement of K . 

Theorem 1.2 For every n G N, there exists a hyperbolic knot K such that: 

(a) We have A K (t) = 1. 

(b) All the finite type invariants of orders < 2n — 1 vanish for K . 

(c) We have vol(S 3 \K) > n. 

(d) We have genus(ET) > ^ . 

Theorem 11.21 has the following corollary which implies that for every m £ N, 
there are hyperbolic knots with arbitrarily large volume but trivial "m- trun- 
cated" colored Jones function. The proof of the corollary is spelled out at the 
end of Section 3. 

Corollary 1.3 For every n,m £ N, there exists a hyperbolic knot K with 
trivial hnite type invariants of orders < m and such that vol(S" 3 \ K) > n. 

The proof of Theorem II . 21 combines results of [2J and ^U] with techniques from 
hyperbolic geometry |18|. Given n € N, [2] provides a method for constructing 
knots with trivial Alexander polynomial and trivial finite type invariants of 
orders < 2n — 1 . To obtain hyperbolicity and appropriate volume growth we 
combine a result from jlUj with the work of Thurston and a result of Adams 
P]. The results of (2J , [El needed in this paper are summarized in Section 2 
where we also prove some auxiliary lemmas. Section 3 is devoted to the proof 
of Theorem II. 21 
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2 Preliminaries 

In this section we recall results and terminology that will be used in the sub- 
sequent sections and we prove some auxiliary lemmas needed for the proof of 
the main results. A crossing disc for a knot K is a disc D that intersects K 
only in its interior exactly twice with zero algebraic intersection number; the 
boundary dD is called a crossing circle. Let q G Z. A knot K' obtained from 
K by twisting g-times along D is said to be obtained by a generalized crossing 
change of order \q\. Clearly, if q = we have K = K' and if \q\ = 1 then 
K, K' differ by an ordinary crossing change. Note that K' can also be viewed 
as the result from K under - -surgery of S 3 along dD. 

Definition 2.1 ^U] We will say that K is n-adjacent to the unknot, for 
some n £ N , if K admits an embedding containing n generalized crossings 
such that changing any < m < n of them yields an embedding of the unknot. 
A collection of crossing circles corresponding to these crossings is called an 
n-trivializer. 

Let V be a solid torus in S 3 and suppose that a knot K is embedded in V 
so that it is geometrically essential. We will use the term ll K is n-adjacent to 
the unknot in V" to mean the following: There exists an embedding of K in 
V that contains n generalized crossings such that changing any < m < n of 
them transforms K into a knot that bounds an embedded disc in intV. 

Recall that if K is a non-trivial satellite with companion knot C and model 
knot K then: 

i) C is non-trivial; 

ii) K is geometrically essential in a standardly embedded solid torus V\ C S 3 
but not isotopic to the core of V% ; and 

iii) there is a homeomorphism h : V\ — ► V := h(V\), such that h(K) = K 
and C is the core of V . 

The following theorem will be used to ensure that for every n > there is a 
hyperbolic knot that is n-adjacent to the unknot. 

Theorem 2.2 (jTUJ, Theorem 1.3) Let K be a non-trivial satellite knot and 
let V be any companion solid torus of K . If K is n-adjacent to the unknot, 
for some n > 0, then it is n-adjacent to the unknot in V . Furthermore, any 
model knot of K is n -adjacent to the unknot in the standard solid torus V\ . 
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The next result compiles the statements of Theorems 4.5, 5.2 and 5.6 of 0. 

Theorem 2.3 (2j Suppose that K is a knot that is n-adjacent to the unknot 
for some n > 2. Then, the following are true: 

(a) All finite type invariants of orders less than In — 1 vanish for K . 

(b) We have A K (t) = 1. 

Given a knot K, a collection of crossing circles K±, . . . ,K n and an n-tuple 
of integ ers r : — {r\ . . . , r n ) , let K(y^ denote the knot obtained from K by 
performing a generalized crossing of order |rj| along JQ, for all 1 < i < n. 

Lemma 2.4 Suppose that K is n-adjacent to the unknot, for some n > 1, and 
that the crossing circles K\, . . . ,K n constitute an n-trivializer for K . Then, 
for every r as above, K(r) is also n-adjacent to the unknot. 

Proof It follows immediately from Theorem 4.4 and Remark 5.5 of □ 

For a knot K that is n-adjacent to the unknot and an n-trivializer L n := 
K\ U . . . U K n let n(L n U K) denote a tubular neighborhood of L n U K . We 
close this section with two technical lemmas that we need in the next section. 

Lemma 2.5 Suppose that K is a non-trivial knot that is n-adjacent to the 
unknot, for some n > 0. Then for every n-trivializer L n , the 3-manifold 
M(K, L n ) := S s \ n(L n U K) is irreducible and d -incompressible. 

Proof Let D±, . . . , D n be crossing discs bounded by K\, . . . , K n , respectively. 
Assume, on the contrary, that M(K,L n ) contains an essential 2-sphere S. 
Assume that S has been isotoped so that the intersection I := E fl (D^ =1 Di) 
is minimal. We must have 1^0 since otherwise X would bound a 3-ball in 
M{K,L n ) . Let c £ (Efl Di) denote a component of / that is innermost on 
S; it bounds a disc £cS whose interior is disjoint from U™ =1 Dj. Since E is 
separating in M(K, L n ), E can't contain just one point of K n Di and, by the 
minimality assumption, E can't be disjoint from K . Hence E contains both 
points of Kf]Di and so c = dE is parallel to dDi in Di \ K . It follows that i-Q 
bounds an embedded disc in the complement of K . But then no twist along Ki 
can unknot K , contrary to our assumption that Ki is part of an n-trivializer 
of K . This contradiction finishes the irreducibility claim. To finish the proof of 
the lemma, suppose that M{K,L n ) is 9-compressible. Then, a component T 
of dM(K, L n ) admits a compressing disc E' . Since K is non-trivial, we must 
have T = dn(Ki), for some 1 < i < n. But then, dE must be a longitude of 
n{Ki). Thus Ki bounds a disc in the complement of K; a contradiction. □ 
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Lemma 2.6 Suppose that K is a knot that is embedded in a standard solid 
torus V\ C S 3 so that it is geometrically essential in V\ . Suppose, moreover, 
that K is n-adjacent to the unknot in V\, for some n > 1. Then, K is not the 
unknot. 

Proof Let L n be an n-trivializer that exhibits K as n-adjacent to the unknot 
in V\ . Let T> denote the disjoint union of a collection of crossing discs corre- 
sponding to the components of L n . Suppose, on the contrary, that K is the 
unknot. By Lemma 4.1 and the discussion in Remark 5.5 of [2], K bounds an 
embedded disc A in the complement of L n . Furthermore, AdV is a collection 
A of n disjoint properly embedded arcs in A; one for each component of T>. 
Now making a crossing change on K supported on a component K{ d L n is 
the same as twisting A along the arc in A corresponding to Ki . Since n > 1 , 
A has at least two components, say ol\,oli, which cut A into three subdiscs. 
Since K is geometrically essential in V , but can be unknotted by twisting along 
either of «i , «2 , exactly two of these subdiscs must intersect dV\ in a longi- 
tude. Recall that ai,a2 correspond to crossings that exhibit K as 2-adjacent 
to the unknot in V\ . Thus K can be also be uknotted by performing the afore- 
mentioned twists simultaneously on ct\ U «2 • A straightforward checking will 
convince the reader that this is impossible. □ 



3 Knot adjacency and hyperbolic volume 

3.1 Trivializers and hyperbolic Dehn filling 

In this section we will prove the main results of this note. As we will show 
Theorem 11.21 follows from the following theorem and known hyperbolic volume 
techniques. 

Theorem 3.1 For every n > 2, there exists a knot K that is n-adjacent 
to the unknot and it admits an n-trivializer L n such that the interior of 
M n := M(K,L n ) admits a complete hyperbolic structure with hnite volume. 
Furthermore, we have vol(M n ) > nv^, where v% (~ 1.01494) is the volume of a 
regular hyperbolic ideal tetrahedron. 

The proof of Theorem \'A.1\ uses Thurston's uniformization theorem for Haken 
3-manifolds ^H] in combination with a result of Adams 1 . Having Theorem l3.ll 
at hand, Theorem 11.21 follows from Thurston's hyperbolic Dehn filling theorem. 
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The statements of these results of Thurston can also be found in [I] . By abusing 
the terminology, we will say M n is hyperbolic to mean that the interior of M n 
admits a complete hyperbolic structure with finite volume. 

Next let us show how Theorem 11,21 follows from Theorem 13.11 For the conve- 
nience of the reader we repeat the statement of Theorem 11.21 

Theorem 3.2 For every n £ N, there exists a hyperbolic knot K such that: 

(a) We have A K (t) = 1. 

(b) All the finite type invariants of orders < 2n — 1 vanish for K . 

(c) We have vol{S 3 \K) > n. 

(d) We have genus(A) > ^ . 

Proof First assume that n < 2 . Then, we have 2n — 1 < 3 and thus to satisfy 
part(c) we need a knot that has trivial finite type invariants of orders < 2. It is 
known that the only finite type invariant of order < 2 is essentially the second 
derivative of the Alexander polynomial at t = 1. Thus, a knot with trivial 
Alexander polynomial has trivial finite type invariants of order < 2. There 
are hyperbolic knots with trivial Alexander polynomial; the first such knots 
occur at thirteen crossings and all have volume > 2. Thus for n < 2 there are 
hyperbolic knots satisfying parts (a)-(c). But note that (d) is trivially satisfied. 

Suppose now that n > 2. By Theorem 13.11 there exists a non-trivial knot K, 
that is n-adjacent to the unknot, and an n-trivializer, say L n , so that M n is 
hyperbolic and vol(M n ) > n V3. Let K±, . . . , K n denote the components of L n . 
Given an n-tuple of integers r := (n, . . . , r n ) , let M n (r) denote the 3-manifold 
obtained from M n as follows: For 1 < i < n, perform Dehn filling with slope 
^--surgery along dn(Ki) . Let K(r) denote the image of K in M n (r). Clearly, 

M n (r) := S 5 \ rj(K(r)) and K{r) is obtained from K by generalized crossing 
changes. By Lemma [2. 41 A(r) is n-adjacent to the unknot, for every n-tuple r. 
On the other hand, by Thurston's hyperbolic Dehn filling theorem, if rj >> 
then M„(r) admits a complete hyperbolic structure of finite volume; thus K{r) 
is a hyperbolic knot. By the proof of Thurston's theorem, the hyperbolic metric 
on M n (r) can be chosen so that it is arbitrarily close to the metric of M n , 
provided that the numbers rj are all sufficiently large. Thus by choosing the 's 
large we may ensure that the volume of M n (r) is arbitrarily close to that of M n . 
Since vol(M„) > n V3, we can choose the rj's so that we have vol(M n (r)) > n. 
But since vol(M n (r)) = vol(5 3 \ A'(r)), setting K := K(r) we are done. This 
finishes the proof of parts (a)-(c) of the theorem. For part (d), recall that by 
the main result of (or by Theorem 1.3 of |llj). we have 6genus(A) — 3 > n. 
Thus, genus(A) > n + 3 > ^ as desired. □ 
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3.2 Ensuring hyperbolicity 

The rest of the section is devoted to the proof of Theorem 13.11 Our purpose is 
to show that given n > 2, we can find a non-trivial knot K , that is exhibited n- 
adjacent to the unknot by an n-trivializer L n such that the 3-manifold M n := 
5 3 \ r](K U L n ) has the following properties: 

(i) M n is irreducible. 

(ii) M n is 9-incompressible. 

(hi) M ri is atoroidal; every incompressible embedded torus is parallel to a 
component of dM n . 

(iv) M n is anannular; every incompressible properly embedded annulus can 
be isotoped on dM n . 

Having properties (i)-(iv) at hand, we can apply Thurston's uniformization 
theorem for Haken 3-manifolds to conclude that M n is hyperbolic. Now dM n 
is a collection of tori. Associated with each component of dM n , there is a 
cusp in intAf n homeomorphic to T 2 x [l,oo). A result of Adams [f] states 
that a complete hyperbolic 3-manifold with N cusps must have volume at least 
N. v 3 . Since dM n has n + 1 components, intM n has n + 1 cusps. Thus 
vol(M„) > (n + 1) v% > n v% and the desired conclusion follows. 

By j2j, for every n € N, there exist many non-trivial knots that are n-adjacent 
to the unknot. Fix n > 2. Let K be any non-trivial knot that is n-adjacent 
to the unknot and let L n be any n-trivializer corresponding to K . By lemma 
12.51 properties (i)-(ii) hold for M n := S 3 \ r](K U L n ) . Next we set off to show 
that we can choose K and L n so that M n satisfies properties (iii)-(iv) as well. 
We need the following lemma that will be used to control essential tori in the 
complement of n-trivializer 's. 

Lemma 3.3 Let L n be an n-trivializer that shows a non-trivial knot K to 
he n-adjacent to the unknot. Suppose that M n := S 3 \ i](L n U K) contains 
an essential torus T and let V denote the solid torus in bounded by T. 
Then, L n can be isotoped in intV by an isotopy in the complement of K . 
Furthermore, T remains essential in the complement of K . 

Proof First we show that L n can be isotoped in inty, by an isotopy in the 
complement of K . Suppose that a component K\ C L n lies outside V and 
let D\ be a crossing disc bounded by K\ . We can isotope D\ so that every 
component of DidT is essential in D\\K . Thus, each component of D\ (IT is 
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either parallel to dD\ on D\ , or it bounds a subdisc of D\ that is intersected 
exactly once by K . In the first case, K\ can be isotoped to lie in intF. In 
the later case, each component of D\ fl T bounds a subdisc E C D\ that 
is intersected exactly once by K . Since T is essential in the complement of 
K , E must be a meridian disc of V. Thus K has wrapping number one in 
the follow-swallow torus. It follows that K is composite and that the crossing 
change corresponding to L\ occurs within a factor of K . But then such a 
crossing change cannot unknot K contradicting the fact that L\ is part of an 
n-trivializer. Thus L n can be isotoped to lie in \i\tV as desired. Now it is easy 
to see that L n exhibits K as n-adjacent to the unknot in inty. 

Next we show that T remains essential in the complement of K . 

Since the linking number of K and each component of L n is zero, K bounds a 
Seifert surface in the complement of L n . Let S be a Seifert surface of K that is 
of minimum genus (and thus of maximum Euler characteristic) among all such 
Seifert surfaces of K . Since T , S are incompressible in M n we can isotope them 
so that S (IT is a collection of parallel essential curves on T . Since twisting 
along any component of L n unknots K , the winding number K in V is zero. 
We conclude that S fl T is homologically trivial in T . Thus we may replace the 
components of S\T that lie outside V by annuli on T, and then isotope these 
annuli away from T in V , to obtained a Seifert surface S' for K . Now S' lies 
in M n n V. Since no component of X := S n S 3 \ V can be a disc, the Euler 
characteristic xPO is n °t positive. Thus x(S') — x(S) ■ Since S was chosen to 
be of maximum Euler characteristic for K in the complement of L n , we have 
X(S') < x(S)- It follows that x(S') = x(S) and thus genus(S") = genus(S'). 
Hence S' is also a minimum genus Seifert surface for K in M n . Let T> be a 
collection of crossing discs; one for each component of L n . For D G T>, the 
components of S' fl D are closed curves that are parallel to dD on D and an 
arc properly embedded on S' . After an isotopy of S' we can arrange so that 
S' fl D is only an arc a properly embedded in S' . Thus, S' n T> is a collection, 
say A of arcs properly embedded on S' . By Theorem 4.1 of jHj, S' remains 
of minimum genus in the complement of K. That is, genus(-ftT) = genus(S"). 
Thus S' is incompressible in the complement of K . By assumption, twisting 
along all the components of L n turns K into the unknot in V. This unknot 
can be isotoped to lie in a 3-ball B C inty. Assume that K is inessential in 
V; then K can also be isotoped to lie in B. Since S' is incompressible, S' can 
also be isotoped to lie in B. But then, A and K will lie in B. Now since L n 
can be isotoped so that it lies in a small neighborhood of A in a collar of S' , it 
follows that KL)L n can be isotoped in B. But this contradicts the assumption 
that T is essential in M n . □ 
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Next we turn our attention to essential annuli in M n . It is known that an 
atoroidal link complement that contains essential annuli admits a Seifert fibra- 
tion over a sphere with at most three punctures. In particular such a link can 
have at most 3-components. Hence, the restriction n > 2 in our case implies 
that if M n is atoroidal then it is anannular. For the convenience of the reader 
we give a direct argument that M n is anannular in the next lemma. 

Lemma 3.4 Let L n be an n-trivializer of a non-trivial knot K . If n > 2 and 
M n is atoroidal, then M n is anannular. 

Proof Since K is non-trivial, by Lemma 12.51 M n is irreducible. We will show 
that every incompressible, properly embedded annulus (A,dA) <— > (M n , dM n ) 
can be isotoped to lie on dM n . 

First, suppose that A runs between two components of dM n , say T\,T2- Let 
iV denote a neighborhood of A U T\ U Ti . Now dN has three tori components. 
Two of them are parallel to Ti,T%, respectively. Let T denote the third one. 
Since n > 2, dM n has at least four components. Thus T separates pairs 
of components of dM n and it can't be boundary parallel. Hence, since M n 
is atoroidal, T must be compressible. A compressing disc cuts T into a 2- 
sphere that separates pairs of components of dM n and thus it is essential; a 
contradiction. Therefore, dA must lie on one component, say T%, of dM n . Let 
N denote a neighborhood on AUT% . Now dN contains a torus T that separates 
T\ from the rest of the components of dM n . Suppose, for a moment, that T 
compresses. Then a compressing disc cuts T into a 2-sphere that separates T\ 
from the rest of the components of dM n . But such a sphere would be essential 
contradicting the irreducibility of M n . Therefore we conclude that T must be 
parallel to a component of dM n . But since T separates T\ from at least three 
components of dM n , it can only be parallel to T\ . Hence A is contained in a 
collar T\ x I and it can be isotoped on T% . This proves that A is inessential 
which finishes the proof of the lemma. □ 

3.3 Completing the proofs 

We are now ready to give the proofs of the main results. We begin with the 
proof of Theorem 13.11 

Theorem 3.5 For every n > 2, there exists a knot K that is n-adjacent 
to the unknot and it admits an n-trivializer L n such that the interior of 
M n := M(K,L n ) admits a complete hyperbolic structure with hnite volume. 
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Furthermore, we have vol(M n ) > nv^, where v% (~ 1.01494) is the volume of a 
regular hyperbolic ideal tetrahedron. 

Proof To complete the proof we need the following claim: 

Claim For every n > 2, there is a non-trivial knot K that is not a satellite 
(i.e. its complement is atoroidal) and it is n-adjacent to the unknot. 

Proof of Claim By P] there is a non-trivial knot K that is n-adjacent to the 
unknot. Suppose K is a satellite knot. By applying Theorem 12.21 inductively 
we can find a pattern knot K of K such that i) K is not a non-trivial satellite; 
and ii) K is n-adjacent to the unknot in a standard solid torus V\ . By Lemma 
12.61 K is not the unknot and the claim is proved. 

To continue with the proof of the theorem, fix n > 2 and let K be a knot as 
in the claim above. Also let L n be an n-trivializer for K. By Lemma 12.51 
M n := S 3 \ rj(L n U K) is irreducible and (^-incompressible. We claim that M n 
is atoroidal. For, suppose that M n contains an essential torus. By Lemma 1331 
T must remain essential in the complement of K . But this is impossible since 
K was chosen to be non-satellite. Hence M n is atoroidal and by Lemma 13.41 
anannular. Now Thurston's uniformization theorem applies to conclude that 
M n is hyperbolic. Since dM n has n+1 components, the interior of M n has 
n+1 cusps. By [Q, vol(M n ) > (n+l)t>3 and thus vol(M n ) > 11V3 as desired. □ 

As we proved earlier, Theorem II .21 follows from Theorem IM. 11 Note that Corol- 
lary follows immediately from Theorem ll.21 We will finish the section with 
the proof of Corollary 11.31 

Corollary 3.6 For every n,m £ N, there exists a hyperbolic knot K with 
trivial finite type invariants of orders < m and such that vol(S s \ K) > n. 

Proof Fix m € N. By Theorem 11.21 there is a hyperbolic knot K with 
vol(5' 3 \ K) > m and with trivial finite type invariants of orders < m. Now 
this K works for all n with n < m. To obtain a knot corresponding to m,n 
for some n > m just apply Theorem 11.21 for this n. □ 

4 Concluding discussion 

4.1 Mahler measure of Alexander polynomials and volume 

For a hyperbolic link L with an unknotted component K let L{q) denote the 
link obtained from L\K by a twist of order q along K . Thurston's hyperbolic 
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Dehn filling theorem implies that as q — > oo, the volume of the complement 
of L(q) converges to the volume of the complement of L. In |15| . D. Silver and 
S. Williams showed that the Mahler measure of the Alexander polynomial of 
L(q) exhibits an analogous behavior; it converges to the Mahler measure of the 
Alexander polynomial of L, as q — > oo. This analogy prompted the question 
of whether the Mahler measure of the Alexander polynomial of a hyperbolic 
knot is related to the volume of its complement ^3]. In that spirit, Corollary 
1 1.1 1 provides examples of non-alternating, hyperbolic knots with arbitrarily large 
volume whose Alexander polynomial has trivial Mahler measure. In [TJj|, Silver, 
Stoimenow and Williams construct examples of alternating knots with these 
properties. However they also show that, for alternating knots, large Mahler 
measure of the Alexander polynomial implies large volume of the complement. 

4.2 The Jones polynomial and volume 

Corollary 11.11 shows that the Alexander polynomial of generic (non- alternating) 
hyperbolic knots is far from controlling the hyperbolic volume. The determinant 
of a knot can also be evaluated from its Jones polynomial. More specifically, 
if Jft-(i) := Y2i=o denotes the Jones polynomial of an alternating knot K, 
then det(-fT) := \ Jk{— 1)| = ]Ci=o Thus, the inequalities in (4) can also be 
expressed in terms of the Jones polynomial of K. In particular, the right hand 
side inequality becomes vol(S 3 \K) < CQ^_ \ai\). A recent result O. Dasbach 
and X.-S. Lin [7], which preceded and inspired the results in this note, gives a 
striking relation between the Jones polynomial and the volume of alternating 
hyperbolic knots. More specifically, the Volume-ish theorem of |7j states that 
the volume of the complement of a hyperbolic alternating knot is bounded above 
and below by linear functions of absolute values of certain coefficients of the 
Jones polynomial of the knot. Furthermore, the authors record experimental 
data on the correlation between the coefficients of the Jones polynomial and 
the volume of knots up to 14 crossings. For generic knots, this data suggests a 
better correlation than the one between the coefficients of Alexander polynomial 
and volume. In the view of the experimental evidence of [7], and the examples 
constructed in this note, it becomes interesting to study the Jones polynomial 
of knots that are n-adjacent to the unknot, for n ^> 0. 
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